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.
INVESTIGATION OF THE EFFECT OF ASPECT RATIO 
AND MACH NUMBER ON THE FLUTTER OF CANTILEVER WINGS-
By E. Widmayer, Jr., W. T. Lauten, Jr., and S. A. Clevenson 
SUMMARY 
The results of some wind-tunnel experiments to investigate the 
effects of aspect ratio and Mach number on the flutter of uniform, 
unswept, cantilever wings are reported. Models having aspect ratios 
ranging from 2 to 13 were tested at Mach numbers up to 0.92. No general, 
attempt is made to correlate the data with three-dimensional-flow theory, 
but an examination of the data is made on the basis of reference theo-
retical values obtained from the two-dimensional incompressible-flow 
theory. On this basis a reduction in aspect ratio, in general, increased 
the ratio of the experimental flutter speed to the calculated flutter 
speed. The analysis also indicated that for a given aspect ratio, this 
ratio decreased slightly as the Mach number is increased. 
INTRODUCTION 
In the problem of flutter, accurate evaluation of the effects of 
finiteness of span and of compressibility has been difficult. The 
application of a two-dimensional incompressible-flow analysis to the 
flutter problem of wings of large aspect ratio, in the neighborhood of 6 
and above, has been sufficient, in most cases of low-speed aircraft, to 
yield an engineering solution. For aircraft designed for high subsonic 
speeds, the application of a two-dimensional incompressible-flow analysis 
needs some modification. Moreover, the application also required modifi-
cation for low-aspect-ratio wings where the flow pattern deviates to a 
considerable extent from the assumption of two-dimensional flow. 
The subject of aspect-ratio effects on flutter has been dealt with 
theoretically by the application of theoretical air forces for three-
dimensional flow on an oscillating wing. Despite the many theoretical 
investigations of these air forces (references 1 to io), the theory is 
still incomplete, even for the incompressible case. This incompleteness 
is due partly to the difficulty of mathematically representing the
2	 NACA EM L50C15a 
physical phenomena and partly to the approximations necessary to obtain 
a solution. Certain of these approximations are in doubt, particularly 
those associated with tip effects. A recent paper (reference 11) pro-
poses a method to account better for the physical phenomena in the region 
of the tip. These various methods are difficult and laborious to apply 
numerically and consequently their practical application to flutter has 
been limited. 
With regard to experimental work, insufficient data are available 
on the effects of aspect ratio and of compressibility on the flutter of 
wings. This lack of data is due in part to difficulties in experimental 
technique and in part to difficulties in isolating the various effects. 
In order to supply additional data on these effects, a series of tests 
has been conducted to furnih information on the subject, and the results 
are reported herein. Cantilever wings having aerodynamic aspect ratios 
varying from 2 to 13, and models with end plates to simulate infinite 
aspect ratios were employed. The experiments included a range of Mach 
numbers up to 0.92. No attempt is made to correlate the data with the 
various three-dimensional theories. However, it is convenient and useful 
to employ two-dimensional incompressible-flow theory (reference 12) to 
establish reference values to serve as a basis for comparison and discus-
sion of the results.
SYMBOLS 
b	 wing semichord, feet 
c	 wing chord, measured perpendicular to leading edge, inches 
2	 wing length, measured along leading edge, inches 
m	 mass of wing, slugs per foot 	 - 
A 	 geometric aspect ratio (2/c) 
A	 aerodynamic aspect ratio (2kg) 
Mcr	 theoretical Mach number at which sonic velocity is first 
attained over wing section 'at zero lift 
x0	 distance of elastic axis from leading edge, percent chord 
X1	 distance of center of gravity from leading edge, percent chord 
(Lxo.a	 nondimensional elastic axis position 100
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nondimensional center-of-gravity position (2xl - 1) 
r.	 nondimensional radius of gyration of wing about elastic axis 
ga	 structural damping coefficient in torsion 
ghl	 structural damping coefficient in first bending 
GJ	 torsional stiffness, pound inches2 
El	 bending stiffness, pound inches2 
first bending natural frequency, cycles per second 
second bending natural frequency, cycles per second 
ft	 first torsion natural frequency, cycles per second 
fa	 first torsion natural frequency relative to elastic axis, 
cycles per second 
fe	 experimental flutter frequency, cycles per second 
fR	 reference flutter frequency, cycles per second 
P	 density of testing medium at time of flutter, slugs per cubic 
foot 
q	 dynamic pressure at flutter, pounds per square foot 
Ve	 experimental flutter speed, miles per hour 
VR :
	
reference flutter speed, miles per hour 
M	 Mach number at flutter 
wing mass-density ratio at flutter (ipb2/m) 
MODELS. 
In order to obtain a desired range of flutter speeds, different 
types of construction were used for the models; some models were made of 
solid spruce, some were made of balsa wood with various aluminum-alloy 
inserts, and some were made of rib-and-fabric construction. The model 
cross sections and dimensions are shon in figures 1 to-6. In determining
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the aerodynamic aspect ratio, hereafter referred to as aspect ratio, the 
tunnel wall is considered to act as a reflecting surface and the aspect 
ratio is assumed to be twice the geometric aspect ratio.- Models incor-
porating a range of aspect ratios (13, 12, 9, 7, 6, 4, and 2) were 
investigated and their pertinent geometric structural properties are 
given in table I. 
Models lii, 112, 121, 122, lIti, and 142 were of balsa and aluminum.. 
alloy plate construction. Models 111 and 112 (A = 12) were later cut 
down to aspect ratio 9 to make models 121 and 122, respectively. Further 
cutting to A = 6 produced models 141 and 142. The cross sections of 
these models are shown in figure 1.
	 - 
Sketches of the large aspect-ratio models (113-118) showing their 
airfoil sections and construction are given in figures 2 and 3. All 
but one of these models had 8-inch chords and 48-inch lengths (aspect 
ratio of 12) and the same general structural design as models ill and 112. 
The exception was model 118, which-had a chord of 4 inches and a length 
of 26 inches (aspect ratio of 13) and an unconventional section. 
The aspect-ratio-7 design (models 131 to 136) shown in figure 4, 
consisted of spanwise balsa laminations glued to a duralumin box made 
from 0.016-inch sheet. The aspect-ratio-4 models (151 and 152) shown in 
figure 5 were of solid spruce construction. To reduce the torsional 
stiffness of these models, chordwise slots were cut from the trailing 
edge forward, perpendicular to the plane of the wing, and were spaced at 
intervals of 1 inch.
	 - 
Figure 6 shows the 160 series models-of aspect ratio 2. In order 
to obtain flutter at this low aspect ratio, thin sections and rib-and-
fabric construction were employed. Model 166 was a 150 sheared swept 
wing of similar construction.
EQUIPMENT 
The tests were conducted in the-Langley 4.5-foot flutter research 
tunnel which is of the closed-throat, single-return type employing 
either air, Freon 12, or a mixture of air and Freon 12 as a testing 
medium at absolute pressures varying from 4 inches to 30 inches of 
mercury. In Freon 12 at standard pressure and temperature the speed of 
sound is 324 miles per hour and the density is 0.0106 slug per cubic 
foot. The maximum choking Mach number for these tests was approxi-
mately 0.92. The Reynolds number range was from 0.43 14- x lOb to 5 x i6. 
It may be appropriate to mention that the variation of y, the 
ratio of specific heats at constant pressure and at constant volume,
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resulting from the use of air, Freon 12, and a mixture of air and Freon 12 
is thought to have relatively minor effect on flutter as compared with the 
effects associated with Mach number. Theoretical considerations for a 
stationary airfoil in steady flow which permit the inclusion of y, (see, 
for example, reference 13) tend to substantiate this, at least for the 
range of Mach numbers concerned. A recent paper, reference i )--, presents 
a comparison of flutter data taken in air with flutter data taken in 
Freon 12, which indicates no appreciable effects of the index y of the 
test medium. 
The models were mounted from the top of the tunnel as cantilever 
beams with rigid bases Two sets of strain gages were fastened near 
the root of each model, one set for recording principally bending defor-
mations and the other set for recording principally torsional deformations. 
Models with end plates were used in the tunnel to simulate infinite 
aspect ratio. The end plates were made of i-inch steel plate with beveled 
edges, had 15-inch chords, and spanned the tunnel. The gap between wing 
tip and end plate was of the order of 0.01 to 0.02 inch. A strut was 
added from the midspan of the plate to the floor of the tunnel in order 
to minimize the deflection of the plate. 
TEST PROCEDURE 
During each test the tunnel speed was slowly increased until the 
model fluttered. At this instant, the tunnel conditions were noted and 
an oscillograph record of the strain gage output was taken. The tunnel 
speed was then immediately reduced in an effort to prevent destruction 
of the model. The experimental flutter speed Ve, the density of testing 
medium p, and the Mach number M were determined from the tunnel data 
and the experimental flutter frequencies were determined from the oscil-
lograms. The natural frequencies of the models in bending and torsion 
at zero airspeed were recorded before each test. The wing damping coef-
ficients (reference 15) in bending and torsion (h 1 and	 were 
obtained from the decay records of the natural frequencies. 
RESULTS AND DISCUSSION 
The results of the investigation are listed in detail in table II. 
While the data presented do not allow a quantitative critical appraisal 
of the various existing three-dimensional-flow theories, sufficient 
Information pertaining to test conditions is supplied to permit an
6
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engineering evaluation of these theories with respect to their applica-
tion to a flutter analysis. 
Some significant trends are illustrated in figures 7 and 8. For the 
convenience of the reader, Mach number data above- M = 0.6 in figure 7 
are shown by full points, and in figure 8 the aspect-ratio data above 
A 6 are similarly shown by full points. As a basis for presenting 
and comparing results, ratios of experimental flutter velocities Ve to 
reference flutter velocities VR are determined so that the data may 
indicate more clearly the effects of aspect ratio and Mach number. The 
reference flutter velocity VR is calculated by the method of refer-
ence 12, which assumes an idealized, uniform, infinite, rigid wing 
mounted on springs in an incompressible medium and uses uncoupled first 
bending and uncoupled first torsion frequencies. In the present work 
where the theory is,applied to cantilever wings, the first bending 
(natural) coupled frequency and the uncoupled first torsion frequency 
were used. The density used was that of the testing medium measured at 
the time of flutter. The calculations also yield a corresponding refer-
ence flutter frequency fR which is useful in comparing frequency data. 
It may be remarked that the test procedure employed in this work 
was adapted to obtaining over-all results conveniently and to obtaining 
reference theoretical values easily. This work, then, establishes orders 
of magnitude of integrated effects especially useful for engineering 
purposes. This procedure has the disadvantage that a more quantitative 
separation of the effects of aspect ratio, mode shape, and Mach number 
is necessary to allow refined comparisons with available theories. 
The effect of the use of first bending and first torsion modal 
shapes in the calculation of a theoretical flutter speed was investi-
gated by calculating flutter speeds from the theory of reference 16 for 
some of the wings reported. The calculated speeds were identical to 
those determined by reference 15. The flutter speeds obtained from 
these calculations involving mode shape are not presented, but were found 
to exceed VR by approximately 3 percent. 
The effect of higher modes on a theoretical flutter speed for two-
dimensional flow could also be determined. However, the effect of aspect 
ratio is a function of modal shape in addition to plan form, so that a 
comparison of experimental values involving higher modes with those 
experimental values involving only first bending and first torsion modes 
would be misleading. For this reason, in those cases where a definite 
departure from the first bending and first torsion modes was indicated 
by observation or by recorded flutter, the data, while presented, were
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not considered for plots or in the analysis of the aspect ratio and 
compressibility effects. The higher-mode flutter is indicated in the 
remarks column of table II. Also indicated in the remarks are those 
cases where apparent flutter was noted visually but subsequent inspec-
tion of the oscillograms indicated that the wing did not flutter. The 
Ve in these cases is the speed at which the data were taken and does not 
indicate an experimental flutter speed as defined in the section entitled 
"Symbols." For the cases in which higher-mode flutter was observed, some 
comparison might be worth while in which the reference flutter speed is 
taken as the theoretical value which is determined when higher modes are 
included. 
In figure 7, graphical representation of the data is made showing 
the effect of aspect ratio on Ve/VR. The data for A = 7 are somewhat 
in doubt because of the absence of precise measurements of the model 
parameters. The presence of the tunnel-wall boundary layer acts to 
reduce the effective aspect ratio on all models, the wings of lower 
aspect ratio being most sensitive to this factor. Since the structural 
requirements to obtain flutter necessitated the use of wings having 
various thickness ratios, the results also may be somewhat influenced 
by the thickness ratio. However, there is a discernible trend for the 
ratio Ve/VR to increase from an asymptotic value as A is decreased. 
It may also be seen that for the higher values of A the reference 
velocity is, in most instances, close to, but less than, the experimental 
value of the flutter velocity. In figure 8, Ve/VR is plotted against 
Mach number. It may be noted that for a specific aspect ratio there 
exists a trend for the ratio Ve/VR to decrease as the Mach number 
increases. 
In an attempt to study flutter at simulated infinite aspect ratio, 
an end plate was placed near the tip of an aspect-ratio- ) - wing. While 
it is not possible to ascertain the precise effect of the gap between 
the wing tip and plate, it may be seen in figure 8 that the end plate 
decreases the value of the ratio Ve/VR as compared with the values 
obtained without an end plate, as well as decreasing the value below 
that obtained for the aspect-ratio-12 models. A comparison of values 
Of Ve/VR for the aspect-ratio-4 model without an end plate to the 
aspect-ratio-4 
.
model with an end plate showed a decrease in the value of 
the ratio of approximately 12 percent which may be attributed to the 
effect of aspect ratio.
CONCLUDING REMARKS 
Some flutter data have been presented for cantilever wing models 
that illustrate some effects of aspect ratio and Mach number on flutter.
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The aspect ratio varied from 2 to 13 and the range of Mach number 
extended from 0.2 to 0.92. 
No general attempt is made to correlate the data with theory; how-
ever, a comparison is made with a theory that assumes a two-dimensional 
incompressible flow. On the basis of this comparison, analysis of the 
data indicated that a reduction in aspect ratio, in general, increased 
the ratio of the experimental flutter speed to calculated flutter speed. 
The comparison also indicated that for a given aspect ratio, this ratio 
decreases slightly as the Mach number is increased. 
Langley Aeronautical Laboratory 
National Advisory Committee for Aeronautics 
Langley Air Force Base, Va.
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coordinates 
x y 
0 0 
2.5 2.92 
• 5 14.00 
10 14.95 
15 14.92 
20 14.55 
25 14.140 
37.5 3.97 
So 3.55 
62.5 3.05 
75 2.145 
87.5 1.55 
92.5 1.07 
97.5 0.55 
98.75 0.142 
1100.00 0
-	
•	 14t 
balsa	 1-1/321, 
Fabric covered 
Figure 3.- Diagram of cross section and coordinates of wing model 118. 
A = 13. Wing length, 26 inches. 
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Figure 8.- Ratio of experimental flutter speed divided by reference 
flutter speed (Ve/VR) against Mach number for various aspect 
ratios.
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